We discuss theoretically phase transitions in frustrated antiferromagnets with biaxial anisotropy or dipolar forces in magnetic field applied along the easy axis at T = 0. There are well known sequences of phase transitions upon the field increasing: the conventional spin-flop transition and the flop of the spiral plane at strong and weak easy-axis anisotropy, respectively. We demonstrate that much less studied scenarios are realized at moderate anisotropy in which the magnetic field induces transitions of the first order from the collinear state to phases with spiral orderings. Critical fields of these transitions are derived and the necessary conditions are found for the realization of these scenarios. We show that one of the considered sequences of phase transitions was found in multiferroic MnWO4 both experimentally and numerically (in a relevant model) and our theory reproduces quantitatively the numerical findings.
I. INTRODUCTION
Frustrated antiferromagnets (AFs) attract significant attention now due to their rich phase diagrams and multiferroic properties of some of their phases with noncollinear magnetic ordering (see, e.g., Refs [1] [2] [3] [4] [5] ). Multiferroics of spin origin in which ferroelectricity is induced by spiral magnetic order show a giant magnetoelectric response (see, e.g., Refs 6, 7 ) that makes them promising materials for technological applications. The frustration plays an important role in such multiferroics providing the non-collinear spin textures. For example, noncollinear magnetic phases in frustrated magnet MnWO 4 were shown to be ferroelectric. [8] [9] [10] Thus, phase transitions in frustrated AFs governed by external magnetic field is an important topic now.
The plane in which spins rotate (spiral plane) is selected in real materials by small anisotropic spin interactions. As a result, application of small or moderate magnetic fields in the spiral plane produces a flop of the spiral plane in many multiferroics accompanied with the flop of the electric moment. 1 We address this effect in frustrated AFs with small biaxial anisotropy in our previous paper 11 and show that the flop of the spiral plane resembles the conventional spin-flop transition in collinear AFs 12 (see Figs. 1(a) and 1(b)). The critical field at which these transitions take place are given by similar formulas having the structure S √ DJ where J is the characteristic energy of the exchange interaction, D J is the anisotropy value, and S is the spin value.
In the present paper, we continue the discussion of anisotropic frustrated AFs in magnetic fields not very close to the saturation field and consider evolution of phase transitions upon variation of the anisotropy value in a simple model containing the frustrated exchange interaction and the single-ion biaxial anisotropy (or dipolar forces). Applying the field along the easy direction, we observe the conventional spin-flop transition presented in Fig. 1(a) at sufficiently strong easy-axis anisotropy. At weak anisotropy, we find the spiral plane flop shown in Fig. 1(b) and discussed in detail in our previous paper 11 . The main goal of the present study is quantitative consideration of the moderate anisotropy regime. We find novel sequences of phase transitions presented in Figs. 1(c) -(e). Scenario shown in Figs. 1(c) can be interpreted as the spin-flop transition splitting into two first-order transitions with an intermediate spiral phase. In Sec. II we find expressions for the critical fields and conditions for realization of these scenarios of phase transitions.
In Sec. III we present some particular sets of model parameters at which scenarios shown in Figs. 1(c)-(e) arise. We demonstrate that the scenario of phase transitions depicted in Fig. 1(c) is realized in the considered model with parameters proposed in Ref. 13 for description of experimentally obtained phase diagram of MnWO 4 . We discuss anisotropic spin systems with the DzyaloshinskiiMoriya interaction (DMI) in Sec. IV and conclude that observation of scenarios of phase transitions depicted in Figs. 1(c)-(e) is unlikely there. We present a summary of results and our conclusions in Sec. V.
II. FRUSTRATED ANTIFERROMAGNETS.
GENERAL CONSIDERATION.
In this section, we present a general consideration of simple models in which a subtle interplay between different magnetic interactions leads to sequences of phase transitions shown in Fig. 1 . 
A. Antiferromagnets with single-ion biaxial anisotropy
We consider the frustrated Heisenberg AF with small single-ion biaxial anisotropy whose Hamiltonian has the form
where h = gµ B H is the magnetic field in energy units and we assume for definiteness that D > E > 0 so that x and z are the hard and the easy axes, respectively. We also assume in all general derivations below that there is one spin in a unit cell and the lattice is arbitrary. After the Fourier transform
where N is the number of spins in the lattice, Hamiltonian (1) acquires the form
We assume that J q has two equivalent maxima at q = ±k. Then, in the absence of the anisotropy, the ground state of the system at h = 0 is a plane spiral with modulation vector k. We consider a simple case in which strong enough anisotropy leads to a collinear antiferromagnetic (AF) structure characterized by the vector q = k 0 in which spins are directed along z axis at h = 0. In general, there can be also other more complicated collinear structures one of which is discussed in Sec. III B.
At finite h applied along z axis, the competing spin structures are the following (see Fig. 1 ): (i) the collinear AF phase, (ii) the canted AF state (CAF), (iii) the helical state in which spins rotate in the easy yz plane (YZ), and (iv) the conical spiral in which spins rotate in the xy plane (XY). Due to the anisotropy, the AF state has lower energy than CAF at small h and YZ has lower energy than XY. Classical ground state energies E of the considered structures read as
1
The detailed derivation of Eqs. (8) and (9) can be found in Ref. 11 . Eqs. (8) and (9) are obtained in the first order in D and E, under assumption that h is of the order of the conventional spin-flop field
which is much smaller than the saturation field. Eq. (10) is found by comparing Eqs. (6) and (7). We neglect also higher order harmonics in spiral phases which arise due to the anisotropy. This approach is valid if
(see Ref.
11 for more details). One can see from Eqs. (6)-(9) that the AF phase is stable at h = 0 if
Besides, the CAF phase is energetically preferable in comparison with XY if
The opposite case of D − E < α and E < α is considered in detail in Ref. 11 , where the spiral plane flop was observed upon the field increasing (i.e., the transition shown in Fig. 1(b) ). Conditions (11) and (12) are compatible with each other if k is not very close to and not very far from k 0 (we also imply here that 2k 0 is equal to a reciprocal lattice vector as it is frequently the case in AF phases). As it is shown in Sec. III, this can be achieved in a rather broad range of model parameters.
If conditions (11)- (13) hold, one has AF↔YZ↔CAF sequence of phase transitions instead of the conventional scenarios of AF↔CAF and YZ↔XY. The critical field at which the AF↔YZ transition takes place can be found from Eqs. (6) and (8), the result being
The critical field of YZ↔CAF transition derived from Eqs. (7) and (8) has the form
(15) The condition of existence of YZ phase, h 1 < h 2 , reads as
where we take into account also Eq. (12) 16) is negative, h 1 < h 2 if Eqs. (11) and (12) holds. One can see from Eqs. (7) and (9) that XY phase is energetically preferable in comparison with CAF state if
In this case, two possible sequences of phase transitions can appear which are presented in Fig. 1(d) and 1(e) . The first one is AF↔YZ↔XY. The field of AF↔YZ transition is given by Eq. (14) . YZ↔XY transition is of the spiral plane flop type which is described in detail in Ref.
11
and which arises at h = h sp , where
This scenario appears if
When both of these conditions are violated, one has
where h 1 and h sp are given by Eqs. (14) and (18), respectively, and the sequence of phase transitions shown in Fig. 1 (e) (AF↔XY) takes place. Corresponding critical field derived from Eqs. (6) and (9) reads as
B. Antiferromagnets with dipolar forces
In low-symmetry lattices, the magneto-dipolar interaction can effectively produce the biaxial anisotropy.
5,11
Moreover, dipolar forces can be the main source of anisotropy in systems containing magnetic ions with halffield d-shells (e.g., Mn 2+ ) because the spin-orbit interaction is particularly small in them. Then, we consider in this subsection the model with Hamiltonian (1) in which H an is replaced by
where v 0 is the unit cell volume and
is the characteristic dipolar energy. After Fourier transform (2) we have
Tensor D αβ q /2 has three eigenvalues λ 1 (q) ≥ λ 2 (q) ≥ λ 3 (q) corresponding to three orthogonal eigenvectors v 1 (q), v 2 (q), and v 3 (q). There is a correspondence with the model having the single-ion biaxial anisotropy if we denote D = λ 1 (q) − λ 3 (q) and E = λ 1 (q) − λ 3 (q) and direct z axis along v 3 (q), y axis along v 2 (q), and x axis along v 1 (q). The spiral vector k minimizes −J(q) + [λ 2 (q) + λ 3 (q)]/2 and it is close to the momentum which maximizes J(q).
If
, results of Sec. II A are directly applicable to the considered situation upon the substitutions D → λ 1 (q) − λ 3 (q) and E → λ 1 (q) − λ 2 (q). However, the eigenvalues and eigenvectors are in general different at momenta k 0 and k. Thus, easy and hard axes can be different for the collinear and the spiral structures. This complicates the behaviour of the system under external magnetic field. Corresponding analysis is out of the scope of the present paper.
III. FRUSTRATED ANTIFERROMAGNETS.
APPLICATIONS.
A. Chain of classical spins
We discuss now a particular realization of model (1) in which considered sequences of phase transitions arise: a classical spin chain with two competing antiferromagnetic exchange interactions.
14 We have in this case
If J 2 > J 1 /4, J q has a maximum at q = k, where
Let us consider the following set of dimensionless parameters
which gives k ≈ 0.81π, k 0 = π, J k − J k0 ≈ 0.04, and J k − J 3k ≈ 1.35. Then, conditions (11), (12), and (13) are well satisfied and the scenario shown in Fig. 1(c) is realized. Eqs. (14) and (15) give h 1 ≈ 0.6 and h 2 ≈ 1.34. Field h sf ≈ 0.9 given by Eq. (10) lies in between of h 1 and h 2 .
Ground state energies (6)-(9) of considered spin states are drawn in Fig. 2(a) . Notice that XY conical spiral has a higher energy than CAF. The saturation field, which can be estimated as h s ≈ S(J k − J 0 ) ≈ 4 is not shown in Fig. 2 . One can replace J 2 in Eq. (27) by any value from the interval (0.27, 0.34) to realize the considered scenario of phase transitions AF↔YZ↔CAF. The sequence of phase transitions AF↔YZ↔XY (see Fig. 1(d) ) appears with the following set of parameters:
(28) Evidently, conditions (17) and (19) (J 0 < J 2k ) hold in this case. Corresponding ground state energies are plotted in Fig. 2(b) . One can replace J 2 in Eq. (28) by any value from the interval (0.29, 0.33) to realize this scenario of phase transitions.
Scenario depicted in Fig. 1 (e) (AF↔XY) can appear if one includes the third-nearest-neighbor exchange interaction along the chain so that J q = −2(J 1 cos q + J 2 cos 2q + J 3 cos 3q).
We take exchange constants
Energy per spin (6)- (9) for the set of parameters (a) (27), (b) (28), and (c) (30). Critical fields h1, h2, hsp, and hxy as well as h sf are denoted by gray vertical lines which are given by Eqs. (14), (15), (18), (21), and (10), respectively.
69. For this set of parameters, the scenario AF↔XY appears if E < α and D > 0.16 (see Eqs. (17) and (19)). Ground state energies are plotted in Fig. 2(c) for
which satisfy these conditions.
B. Two-up-two-down collinear structure at h = 0
The theory above remains valid also if the collinear order is realized at h = 0 in which spins are arranged in some direction in two-up-two-down manner ↑↑↓↓ (the so-called 1/4-structure). It appears, for instance, in the model considered in Sec. III A at large enough D − E and J 2 > J 1 /2 (as it is seen from Eqs. (25) and (26), AF ordering discussed above appears at J 1 > 2J 2 ). All the results of Sec. II A are applicable in this case if one defines k 0 as the vector of the 1/4-structure. In particular, the 1/4-structure is given in the classical spin chain as S j = S √ 2 cos(k 0 R j +π/4), where k 0 = π/2a and a is the lattice spacing.
Our theory can analytically describe some results obtained in model (1) in Ref.
13 in the framework of realspace mean-field approach. A complicated magnetic phase diagram of MnWO 4 observed experimentally [8] [9] [10] was qualitatively reproduced in Ref.
13 with parameters
We find that if the field is directed along the easy axis, transitions take place from the 1/4-structure to the YZ state and then to the CAF phase when the field rises. The CAF state consists of pairs of collinear spins canted to z axis. Eqs. (14) and (15) give h 1 ≈ 2.7 and h 2 ≈ 7.4 with parameters (32). Corresponding numerical results of Ref.
13 are approximately 1.4 and 6.9. The discrepancy in h 1 is attributed to its rather small value, which shows an importance of higher order terms in D and E neglected above. Taking into account the second order term (see Eq. (23) of Ref.
11 ), we obtain h 1 ≈ 2.3 in better agreement with Ref. 13 . Thus, our theory satisfactorily describes the numerics in this case.
IV. SPIN SYSTEMS WITH DZYALOSHINSKII-MORIYA INTERACTION
In this section, we consider anisotropic AF with DMI which Hamiltonian has the form
where i + 1 denotes next to i-th spin along x axis. Vector d is assumed to be parallel to x axis. In the absence of the anisotropy, the ground state would be a plane spiral with spins rotating in yz plane. In calculations below, we take into account only nearest-neighbors antiferromagnetic exchange interaction J d. It is convenient to use the continuum limit in which spin ordering is represented in the form
where n is the spin coordinate along x-axis. By virtue of d J, we consider ϕ n as a slow-varying quantity and represent the system energy E in the form
where k = d/J and the modulus of the spiral vector in the absence of the anisotropy is equal to π − k.
The solution of Eq. (35) can be found from the sineGordon equation and expressed via the Jacobi amplitude function. If a = 2D/J is a dimensionless anisotropy, the energy of the structure reads as
where K(m) and E(m) are the complete elliptic integrals of the first and of the second kind, respectively, and parameter m is determined by the equation
At m = 1, the spin structure becomes collinear. The corresponding critical value of the anisotropy is a c = (πk/2) 2 . Then, a > a c is required in order to AF phase be the ground state of the system at h = 0. However, such a strong anisotropy destroys spiral phases and scenarios of phase transitions presented in Figs. 1(c) -(e) seems to be unlikely in systems with DMI and k 1.
V. SUMMARY AND CONCLUSIONS
To conclude, we discuss different scenarios of phase transitions in frustrated antiferromagnets with biaxial anisotropy or dipolar forces in magnetic field applied along the easy axis. The magnetic field is assumed to be not very close to the saturation field. There are well known scenarios of phase transitions shown in Fig. 1(a) and 1(b): the conventional spin-flop transition and the flop of the spiral plane at strong and weak easy-axis anisotropy, respectively. We demonstrate that much less studied scenarios are realized at moderate anisotropy which are presented in Figs. 1(c) -(e) and in which magnetic field induces first-order transitions to spiral phases from the collinear one. In particular, the sequence of phase transitions shown in Fig. 1(c) can be interpreted as a splitting of the spin-flop transition shown in Fig. 1(a) into two transitions with the intermediate spiral phase. Critical fields of these transitions are given by Eqs. (14) and (15), by Eqs. (14) and (18), and by Eq. (18) for scenarios shown in Figs. 1(c), 1(d) , and 1(e), respectively. Corresponding necessary conditions for realization of these scenarios are given by Eqs. (11)- (13) and (16); Eqs. (11), (12) , (17), and (19); and Eqs. (11), (12) , (17), and (20).
We demonstrate appearance of scenarios shown in Figs. 1(c) -(e) in particular anisotropic Heisenberg models with competing exchange couplings. We show also that the sequence of phase transitions presented in Fig. 1(c) was found in MnWO 4 both experimentally [8] [9] [10] and numerically 13 (in the relevant model) and our theory reproduces the numerical findings even quantitatively.
We discuss anisotropic spin systems with the Dzyaloshinskii-Moriya interaction and conclude that the observation of scenarios depicted in Figs. 1(c) -(e) is unlikely there.
